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ABSTRACT. A complete classification of stable homotopy types of complex
and quaternionic stunted projective spaces, denoted by CE* and QB*
respectively, is obtained. The necessary conditions for such equivalences are
found using K-theory and various characteristic classes introduced originally
by J. F. Adams. As a by-product one finds the J-orders of the Hopf bundles
over CP" and QP" respectively. The algebraic part is rather involved.
Finally a homotopy theoretical argument yields the constructions of such
homotopy equivalences as are allowed by the fulfillment of the necessary
conditions.
1. Introduction. The results of this paper were announced in [9].
Let FP" be the projective space of dimension n over F, where F is either the
field of complex numbers C or the quaternions Q. We have the natural
cofibrations

FP™ ' > FP" - Fp}
form < n.

Let £ denote the Hopf bundle over FP". It is well known that the stunted
projective space Fli’“'k can be identified with the Thom space of k¢ over FP"
which we denote by (FP" )ke.

In this paper we study the stable homotopy type of stunted projective spaces
FI;’”’" for F= Cand F = Q and obtain a complete classification. This
classification is given in terms of the J-orders of the Hopf bundles. We denote
by A, the J-order of the Hopf bundle over CP" and by B, the J-order of the
quaternion Hopf bundle over QP". With this notation the classification can
be stated as follows:

THEOREM 1.1. The spaces C Ii’”’k and Cﬁ"“ are of the same stable homotopy
type if and only if one of the following conditions hold (n # 2,4):

(@) k-1=04,),

() k—-1= 04, )and k +1 = 0(4,),
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({i)k—-!=04,_)andk +1+2(n+ 1) = 0(4,).

THEOREM 1.2, The spaces QI,’C””‘ and QP,”” are of the same stable homotopy
type if and only if one of the following conditions hold:

@ k= 1= 0(B,),

(i) k — 1= O(B,_,) and k + I = O(B,).

The apparent difference between the two statements is due to the fact that
the family of stunted complex projective spaces is closed under S-duality while
the family of stunted quaternionic projective spaces is not. Note that condi-
tions (ii) and (iii) in Theorem 1.1 correspond under S-duality.

In [6] we have proven that the conditions in Theorem 1.1 are necessary and
have completed the classification for n odd by observing that 4, = 4,_, for
that case. This paper thus completes and extends [6]. We also give a proof of
the result of F. Sigrist and U. Sutter [15] on the number B,.

Let 3,(m) be the largest integer for which P divides m. The result is

THEOREM 3.4. The J-order B, of the Hopf bundle over QP" is given by

Bn = Hp'p(Bn)
where
v,(B,) = max{2n + 1,2j + v,(j)|1 <j < n}

and
3(B,) = max{j + (/)1 <j < 2n/(p - 1)}

when p is an odd prime.

In [6] we used the fact, proven by Adams and Walker [3], that 4, = M,,,
the Atiyah-Todd number. In this paper we shall also give a short proof of that
fact.

The classification is accomplished in two steps. First, similar to what was
done in [6], certain necessary conditions are obtained. This is achieved by
using certain characteristic classes and the following simple proposition:

PROPOSITION 1.4. If f: X — Y is a homotopy equivalence then the diagram

_~ ! —
KF(Y) KF(X)

]c,, lc,,

vy: 0 —L— B¥(X, 0)

is commutative and both f* and f ! are invertible transformations.
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Here KF may stand for real (F = O), complex (F = U), or sympletic
(F = Sp) reduced K-theory and the Chern character is interpreted in the
appropriate way.

Once the necessary conditions are obtained their sufficiency is established
by constructing the desired homotopy equivalences. The low-dimensional
cases present some anomalies and must be treated separately.

As corollaries we also obtain the representations

&(FB™) - Aut (H*(FE",Z))

where &(X) is the group of stable homotopy equivalences of X and F
= Cor Q.

2. Characteristic classes. Let ¢ be a vector bundle over X. X. We say that § is
KF-orientable if there exists an isomorphism KF(X) - KF (X £). A choice of
one such isomorphism is a KF-orientation. To simplify our exposition we shall
say, unless otherwise stated, that { is KO-orientable if £ has a Spin(8n)-
structure and that § is KU-orientable if £ has a U(n)-structure.

LetU H and U7 denote the Thom classes for integral cohomology H* and
KF-theory respectively. Adams in [2] defines a class bh(£) € H*(X; Q) by

chUF = U U ba(¢)

where the character is taken after complexification if KO is the theory in
question. Adams also defines classes p*(¢) (these are due to Bott [5]) by

YUt = UFpk).

If £ and 7 are vector bundles which are J-equivalent then their classes bk and
ok satisfy

2.1 bh(¢) = bh(n)ch(1 + x),

22) o5 () £ o ) (1 + x)/(1 + x)

for some element x € I?I;(X ), and all k. The equality (2.2) denoted by =¥
means that the two sides may differ by a factor k" for some r.

The solution of the Adams conjecture by Adams [1] and Quillen [13]
establishes (2.2) as a necessary and sufficient condition for two real vector
bundles to be J-equivalent.

In special cases conditions (2.1) and (2.2) are equivalent. Let F = O or U.

PROPOSITION 2.3. Suppose KF(X) has no torsion. If § and &, are KF-
orientable vector bundles and if there exists a class x € KF(X) such that
bh(ﬁ,) = bh(ﬁz)ch(l + x), then for all integers k # 1, we have: pk(£l)

=k o4& (1 + 2)/(1 + x).
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PrOOF. Recall the definition of {17" : HY(X; Q) » H®(X; Q) by J"(u)
= kY2dimuy Then because of the hypothesis, we have chy¥ = §¥ch.
Let £ be a KF-orientable bundle of real dimension 2. Then

ch* U = FFehUf = T (UH - bhE)) = k" U F* oh8)).
Also
chy U = ch(U - 0*(8)) = U - bh(g)cho*(¢).

Hence

K"F*(bh(E)) = bh(E)cho* (£).

Now consider KF-orientable bundles £ and £, of dimensions 2n, and 2,
respectively. We have

@) bh(;)chp* (&) = bh(&;)chl(1 + x)ok(§)]

and
kM TE(bh(E)) = k" T*(bh(E,)eh(1 + X))

(i)
= k™ "bh(g,)cho* (&) T ch(1 + x).

By the above, (i) and (ii) are equal. Now concentrating on the right-hand sides
of (i) and (ii), we have

bh(8;)ch(1 + x)p* (&) — k™ "2p* &)y (1 + X)) = 0.

But bh(¢,)chy =0 if and only if y =0, because, ch(Uef -y = Uff
- bh(£,)chy and ch is a monomorphism. Thus

(1 + x)pk(E) — k"R W1 +x) = 0

and the proposition follows.

Note that the condition that KF(X) be torsion free in (2.3) is not necessary.
Tt would suffice to ask that under some canonical splitting (e.g. filtration) p* &)
lie in the part of KF(X), on which ch is a monomorphism.

When dealing with spaces whose KF-theory is torsion free it is convenient
to extend the character monomorphism ch: KF(X) — H*(X; Q) to KF(X)
® Q. The resulting homomorphism is an isomorphism onto H*'(X; Q) when
F = Uand onto 3; H¥(X; Q) when F = 0. The inverse of this isomorphism
will be denoted by ch™".

We introduce now a new characteristic class Bh(¢) € KF(X) ® Q as
follows:
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(24 ch'\UH = UFf. BH(E) .

This definition makes sense since Bh(£) is an element in the multiplicative
group 1 + (ImX ) ® Q). Note that Bk (just as p*) is multiplicative, i.e.
Bh(¢ + m) = Bh(¢)Bh(n) and since some multiple of any F-bundle is KF-
orientable we can extend Bh over all of KF(X) defining Bh(¢) = [Bh(mé )]l "
Applying the character to both sides of the defining relation for Bh(§) we ﬁnd
that

@25) Bh(£) = ch™ ' bh(¢).
The following are useful corollaries of Proposition 2.3.

COROLLARY 2.6. If KO(X) is torsion free then the KO-onented bundles & and
&, are J-equivalent if and only if there exists x € KO(X ) such that bh(¢)
= bh(¢,)ch(l + x), i.e. Bh(§) = (1 + x) Bh(%,).

In particular, if £, is the trivial bundle then bh(£,) = 1 and we obtain

COROLLARY 2.7. If KO(X ) is torsion free then a bundle & is J-trivial if and only
if there exists x € KO(X ) such that bh(¢) = ch(1 + x), i.e. Bh(§) = (1 + x)-
an element in 1 + KO(X )

Another formulation of (2.7) is

COROLLARY 2.8. If KO(X) is torsion free, then a bundle ¢ is J-trivial if and only
if Ueﬂ is in the image of the Chern character.

We should point out that the “integrality” of Bh(£) will not be used directly
to compute the J-order of the Hopf bundle. The usefulness of the condition
on Bh(¢) will become apparent in the classification of stunted projective spaces.

We now turn our attention to the cannibalistic classes p*. Let ¢ be a KF-
orientable vector bundle of real cimension 2n. Consider the Chern character

of p*(£).
chy*UF = F*chUT = TX(UHbh(E))
= P*UH - §hong) = kU TG bRGE).
Since ch(UFp*(£)) = U ¥ bh(¢)chp* (¢), we obtain

chp*(§) = k"T*bh(E) /bh().

In particular, if KF(X) is torsion free then

(29) p*(¢) = k"y*Bh(¢)/Bh(¢).
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COROLLARY 2.10. If ¢ is a real oriented vector bundle of dimension 2n such that
Jor some k # 1 we have

pX€) = k" (1 + x)/(1 + %)

forx € I?OYX ) then bh(¢) = ch(1 + x). In particular, if KO(X) is torsion free,
the bundle ¢ is J-trivial.

Proor. Applying the Chern character to both sides of the equality we obtain
T¥bh(£)/bh(E) = T*ch(1 + x)/ch(1 + x)

and the corollary follows from

LemMa 2.11. The transformation z — f,b'kz/z on the group 1 + A% (X; Q) isan
automorphism for all k # 1.

ProoF. The transformation in question is clearly a group homomorphism.
Letz = 1+ ;5o x; with x; € H¥(X; Q). Then

7z =1+ 3k'x,

andlfxp z/z = 1then 1+ k' x; = 1 + 3 x; and because k # 1, we obtain
x; = 0 for all i. The proof that z — v z/z is an epxmorphlsm is just as 51mple

Note that the “conjugate” homomorphism x — y*x/x on 1 + KF(X) is
also an automorphism for k # 1 whenever KF(X) is torsion free. )

PROPOSITION 2.12. Let KF(X) be torsion free. Then z € KF(X)® Q is
integral if and only if ¥ (1 + z)/(1 + 2) is integral, for every prime p.

Proor. It suffices to prove that if z @ KF(X) and pz € KF(X) then
YP(1 + z)/(1 + z) is not integral. We can also assume that z + x, where x
€ KF( (X) ® Q is of higher filtration than z, is not integral for any such x.

First consider the case F = U. Sincez € I?ﬁ(X ) ® Q it has filtration
k > 1. Now ¢ preserves filtration and y”z = p*z + a where a is an element
of higher filtration. We have

t[/”(l+z)/(1+z)=(l+pkz+a)(1—z+22—---)

= 1+ (p* = 1)z + elts of higher filtration

and this shows that $?(1 + z)/(1 + z) is not integral, as was claimed. The case
F = O follows by the same argument since when KO(X) is torsion free the
formula for y?z still holds with k = (filtration of ¢z) > 1.

3. The J-order of the Hopf bundles. Let Q P* and Q P" denote the infinite-
and n-dimensional projective spaces over the quaternions. Let £ denote the
Hopf bundle over QP* as well as its restrictions to QP" C QP*.
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Recall (e.g. [14]) that KU(QP") = Z[u)/(u"*') where p = £ — 2 and ¢:
KO(QP") - KU(QP" ) is a monomorphism whose image is the subring
generated by 2u and p. The complexification of the real vector bundle £ is
2p + 4. The ring KU(QP®) can be thought of as the ring of power series in
p, and KO(QP®) as the corresponding subring generated by 2p and p?.

We choose y € H*(QP®,Z) so that 1,y,5% ... gives a basis for
H*(QP®) and H*(QP") in such a way thaty € H*(QP") is the character-
istic class of the normal bundle of the natural inclusion QP" C QP"*!i.. the
Hopf bundle £ over Q P". We denote by y the fundamental class in H* (Q P*®)
as well as its restrictions to H*(Q P").

We have short exact sequences (k < n)

0 H*(QR") 1> H* QP> H*(QPF ) > 0
and
0 > KU(QR") L5 KUQP™) 45 KUQP* ') >0
corresponding to the cofibration
QP*!' - QP" - QR".

Identlfymg H*(QR") with ker Jj* we obtain the basis e R L
y" for A*(QR") and similarly g*, ..., u" as basis for KU(QP") Note that
Ap' with A, = liftisevenand A, = 2 if ¢is odd give a basns for cKO(QR").

We also have the 1dent1ﬁcatlon QP'"'"" =~ (Q P"‘) and a basis for
A*(QB™**) via the Thom isomorphism. One easily checks that, with our
choice of y, these two bases coincide. The same holds true for KU(Q P"”'")
Also for KO(QP"”’") whenever k is even.

Note that Uk£ =y, Uke = pf = cka for k even. Since

clen ' US = UG- Bho(-kE) and ch'UH = UG- Bhy(-k¢),

we see that cBhy(—k¢) = BhU(—ki)
In what follows we shall identify KO(QP") with its complexification and
consider it a subring of KU(QP"). Note that

KO(QP") ® 0 2L KU(QP") ® Q
is an isomorphism. With this convention, Bh,(¢) = Bhy(¢), and we will
denote it simply by Bh(¢).

PROPOSITION 3.1. In Q P" the following statements are equivalent.
(i) The bundle k¢ is J-trivial. —_
(ii) The class Bh(k¢) belongs to 1 + KO(QP").
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(iii) The class y? Bh(k£ ) /Bh(kS ) belongs o1+ KO(QP") for all primes p.
(iv) The class (yPp./p* p,) belongs 1o 1 + KO(QP") for all primes p.

ProOF. Proposition (2.5) shows that (i) and (ii) are equivalent. Proposition
(2.12) shows that (ii) and (iii) are equivalent. Now from (2.9), we have

(M p?(2¢) = p*y? Bh(2¢)/Bh(2¢).
Also
YP Uy = Uy - pP(2¢),

hence p?(2¢) = y? Uz?s/ Uzg and identifying pP(2¢£) with its image in
KU(QP"), we have

@) pP(28) = @Pu/w)’.
From (1) and (2) we obtain

¥P Bh(2£)/Bh(2¢) = (W7 u/p*p)’
and hence (note that k must be even)

YP Bh(k&)/Bh(ks) = WPu/p?n)";

thus (iii) and (iv) are equivalent and (3.1) follows.
In [7] we gave the following explicit formula for 7 in Q P®:

(2) v =% (P52

We now will show the following:
PROPOSITION 3.3. Let pu = §—2 denote the generator in KU(QP®).
Then y*u/p = 4 + p and for p odd
YP@)/p = (ph + ple0/2y?
where\ € 1 + I??f(QP”).

PROOF. We begin by showing that y/?{u)/u is a square whenever p is odd.
Consider the standard fibration 7: CP® — QP®. Then7*p = ¢+ ¢7' -2
where £ is the Hopf bundle over C P® and

YPat(u) = £7 + 7P -2 = (€7 - 1)Y/¢P.

Since #* is a monomorphism we find ¢”(u) by expressing x? + x™” — 2 as a
polynomial in x + x~! — 2 and settingpp = x + x ' = 2.Nowa + a”~! — 2is
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a root of that })olynomial whenever a is a root of x? — 1. The roots of
— 1 are ™/ for 0 < s < p — 1 and so the roots of %”(u) as a polynomi-

al in p are e2misle 4 ez'”'("")/" 2. If p is odd, one of the roots (s = 0) is zero

and all others are double roots. Thus y?(u) = u[R(p)] and R(u) is an integral

polynomlal smce P (u)/p is. It follows from (3.2) that the coefficient of

p™ in [R§u)] form<(p+1)/2 is d1v151b1e by p* and so R(u) =

+ p.( 2 as was claimed. The formula for (1) /u is also contained in 3. 2)

We are now ready to prove:

THEOREM 3.4. The J-order B, of the Hopf bundle over Q P" is given by

B, =1I p”p(Bn)
where
v,(B,) = max {2n + 1,2j + ,(j)|1 <j < n}
and
3(B,) = max {j + ()|l <j < 2n/(p—-1)}

when p is an odd prime.

Proor. By Stiefel-Whitney class consideration B, is even, so that we may
apply (3.1). Therefore it suffices to prove that B, is the least integer s for which
(33) WPu/p’w)’ € 1+ KOQP™,

for all primes p.
We need a lemma on divisibility of binomial coefficients.

LEMMA 3.6. Let p be a prime and suppose p’ divides () forall1 < j < gq. Then
56 —5U) =) for1 <j<q

Assummg (3. 6) for the moment, consider the case p = 2. Then we need to
see that (Y2u/p*p) = (1 + p/4)° lies in 1 + KO(QP"). This requires that
2% divide (5) if j is even, and 2%+ divide (5) if jis odd, forall 1 < j < n.
Applying (3 6) we obtain »,(s) — »,(j) > 2j 1f Jis even and »,(s) > 2j + 1if
J is odd. Thus the expression for »,(B,).

Now consider the case p odd. Then, by (3.3) we obtain that (3.5) is given as
follows

W r/ptn)’ = (W +p WPV, N e 1+ KTQP).

Notice that 1 + x belongs to 1 + KU(QP") if and only if (1 + x) belongs to
1+ KO(QP") Therefore it suffices to see that (A + p~' p(P~1/2)* belongs to

1 + KU(QP™). This requires that p’/ divide () forall 1 <j < 2n/(p - 1). By
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(3.6), we obtain 5(7) = 1(s) — 5(j) >/, 1 <j < 2n/(p — 1), and this gives
the expression for 3,(B,).

PrOOF OF (3.6). We prove it by induction on ¢. It is true for g = 1,
since 5({) > 1 implies s = 0(p) and 3,(1) = 0, so 5 ({) = %(s). Assume the
result true for ¢ — 1. Then we consider two cases.

Case 1. ¢ # 1(p). We have

(s)=s(s—1)-~(s—q+2)(s—q+l)
q l-eo(@=1) q

and

w(,51) =50 - 3@- 1 =50,
Now (s — g + 1) # 0 (p). Hence 5() = %(s) — 5(9)-
Case 2. ¢ = 1(p). Then

';,(qi 1) =3(s)—plg-1),

and

5(5) =50 - 5@= D+ 56 -a+ D=5

But 5 (s) > »(g — 1) + g — 1, by hypothesis, hence (s — g + 1) = 3(¢ — 1),
and we have 1}(;) = 3,(s). This ends the proof of (3.6).

Note that K. Y. Lam in [12] used a similar number-theoretical argument to
obtain the Atiyah-Todd number M, ,, which was proven by Adams and
Walker in [3] to be the J-order of the Hopf bundle over CP". We offer here
another proof of this fact.

DEFINITION 3.5. Let I(n) denote the ring of those power series ay + a;z + - -
+ akz" + «« in Q[[z]] such that a; € Z for i < n. Let L,(n) denote the subring
of I(n) for which a; € 2Z if j is odd and j < n.

PROPOSITION 3.6. The J-order A,, of the Hopf bundle over CP" is equal to the
Atiyah-Todd number M, .

ProoF. Recall from [4] that the Atiyah-Todd number M,,, was defined as
the least number s such that the power series:

3.7) L) =[n(+2)/

belongs to I(n).
Recall from Sanderson in [14], that
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Z[a]/ (o731 ifn s 1(4),
Z[a]/ a1, 22y g n = 1 (8)

Ku(cP™) = z[pl/(B™)

KO(CP") = {

and
H*(CP";Z) = Z[x]/(x"*").

The generators are a = r(§) —2, B = £ — 1, x = ¢;(£), where as above §
denotes the Hopf bundle over CP". If ¢ is the complexification,
c = B%/(1+B).

Also chB = e* — 1, so that ch™!(x) = In (1 + B).
Since 4¢ is KO-orientable over CP" and o € KO(CI}"“), is its Thom
class, we have

ch(ca®) = x* - bh(4¢)

and
ch™1(x*) = ca® - cBH(-4¢)
hence
(@ +p) = —E - cBh(~4¢).
(1+8)

Therefore

_ B

cBH(¢) = VItBIn(+8)

On the other hand p*(4¢) = y*(a?)/a®. Now, in CP"™™*, y*a = k2a + ---
+ al"/2+2 4 ¢q*5)/2 with possibly e # 0 when n = 1 (4). Therefore ¢*(a?)
= k%2 + - + aal”?*2 and pk(4¢) as well as p*(4m¢) have only terms
a; o for i < (n + 1)/2. Since this is a “canonical” torsion free summand of
KO(CP"), by the note after Corollary 2.5 it suffices that Bh(4m¢) be integral
for 4m¢ to be J-trivial. Since c: a — g2 — B’ + -+« has leading coefficient 1 it
indeed suffices that cBh(4m¢) be integral and since 1 + B is invertible in
1 + KU(CP") the claim follows.
REMARK. Consider the diagram:
c

Ko(QP™) K U(gl’")
n
(m‘)t Ku(cp2n + l)

KO(CP*")—<— KU(CP*™)
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.k .
Here ¢ and (7i)” are monomorphisms. Moreover

«(KO(CP?)) = (ni)*KU(QP")

thus ¢: KU(QP") = KO(CP?") given by ¢(u) = « is an isomorphism of y-
rings and we could have computed B, from our knowledge of 4,,. Namely,
we have: %(B,) = %(A,,) for p odd. This follows from the fact that ®Bh(¢p)
= Bh(2¢,) = L(«) and that from (3.6) and (3.7) we have

2k¢, is J-trivial if and only if L¥(x) € I(n)
and
ktp is J-trivial if and only if L*(x) € L(n).

To complete the computation of B, we would only need to use
YA () = 4u + pl.

4. Homotopy equivalences and their representations in ordinary cohomology
and K-theory. The object of this section is to determine the homomorphisms
f' KU(QI,’c"*") - KU(Q}T‘”) induced by the possible stable homotopy
equivalences between the two spaces. This will provide the vital necessary
conditions in Theorem 1.2. The main tool here is the commutativity of the
diagram

!
KU(QPRK) — I .k 7/(0) 9]
ch ch
f*

HYQPR+*; 9)—— H* QP 0)

for a stable homotopy equivalence f: QB — QRB"*. Note that f* and f'

are taken in conjunction with suspension isomorphism and Bott periodicity.
We shall also use the fact that f' must preserve both
KO(QP') and K Sp(QR') embedded in KU(QE'). This fact implies that
k = I (2) for a possible equivalence. Here the groups are as defined in §3 and
we will continue to use the notation there introduced.

First observe that f* can be thought of as a diagonal (n+ 1) X (n
+ 1) matrix (g, &, - - - ,&,) With g = 1. Since each of the spaces in question
admits a self-equivalence which induces the matrix (-=1,-1,...,—1) in
cohomology, the matrices (g;) and (—¢;) can be thought of as equivalent.

Since ch is a rational isomorphism, f': KU(QR"™*) ® @ - KU(QB™)
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® Q is uniquely determined by f*; namely f "= cn! f*ch. Thus f 'is, in some
sense, an adjoint of f*. Since f " must be integral we obtain restrictions on the
possible homomorphisms f*.

Let us compute f' on p. when Sf* is the ldentxty matrix I. We have
F @) = ch™VIchp*. Recall that u = UY, hence chpk = k’g bh.(k¢). Now
S* being the “identity” replaces Uke by Uy and so

F1 @) = ch™ (U bh(ke)).
We have, by (2.5) and (2.6),

f'(u*) = U{ - Bh(-1¢) - Bh (k&) = u' - Bh,((k - 1)%).

From KU considerations alone, we conclude that Bh ((k — /)¢) must be
integral.

We now determine the class Bh,(¢) as a power series. Recall that chp
=e*+e % -2 withy = x%. Thus

chp =y + 2944 + 2°/6! + -+

Thus chp is a power series which begins with y and hence it can be inverted
(in the sense of substitution of series) to obtain

ch”ly=p+ayt+--- and BH(-£) =1+ Zap.

We will denote the power series 1 + 3,5 a,x" by #(X). It is elementary to
determine the coefficients a,, which we include here for the sake of complete-
ness:

“.1) &' = e+ e+ (Y.

Now f' must preserve both KO and KSp. Moreover KF(QP”“‘)
C KU(QRB"**) is generated by p*, 2u**1, u¥*2 .. if F=Sp and k is odd
orif F = O and k is even. It follows that Bh ((k = 1)) = (T(p,)) " not only
belongs to I(n) but also to L (n).

We obtain:

PROPOSITION 4l There exists a stable homotopy equivalence f: QP"”
}7;””‘ with f* = (1,1,...,1) if and only if k = I(B,). In this case f' p,'”"

W (@)

Note: In [11], Held and Sutter have proved general results which include
(4.1), as a special case.

Our next aim is to prove that, save multiplication by —I, the only possible
matrices which can occur as f* are (1,1,...,1) and (-1, 1,1,...,1). Since an
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equivalence f can always be made cellular, it suffices to prove our assertion for
3 X 3 matrices, i.e. for possible equivalences between Thom spaces over QP2.
To this end we first prove:

LemMa 4.2. Let f: QB! > QB**! be a stable homotopy equivalence such
that f* = (=1,1). Then k + I = 0 (24).

PROOF. As before, we compute f' (u*). We have
Fuk = ch7\f* ek = oh7' 7 (U bh(kt)).
But f* = (-1, 1), hence
T (0 CLCIR)
= —U{ - Bh(-1£)(2 — Bh(k¢))
= —Ug - (BA((k — 1)§) — 2Bh(~I£))
= —p'- (Bh(k — 1)§)(2Bh(=k§) — 1).
Hence
fiuk == TR WeT ) - )
where we have set 77(z) = (T(x))". Our requirement now is
@4.3) T (x)T*(x) - 1) € L(1).
But T(x) = 1 — x/12 + x2/90 + - -+, we have

-k k
x x I+ k
(“ﬁ) (2(1"T§) ")= L=z x+-- €5()

and so / + k = 0 (24) as was claimed.
ReMARK. The formula (4.3) holds generally for equivalences f such that
f*=(L11..,0.

LEMMA 44. Let f: QB+ — QR¥*2 be a stable homotopy equivalence. Then,
up to multiplication by —I, either f* = (1,1,1) or f* = (-1,1,1).

Proor. It suffices to rule out the possibilities (1, —1, 1) and (1, 1,~1) for f*.
We assume that fis cellular. By restriction to f;: QB! — QB**! we find, in
the case (1,—1,1), that k + / = 0 (24). On the other hand, we also have an
equivalence on the coskeleta: f,: QB.}2 - QRX1? with £ = (~1,1) and so
k + 1 + 2 = 0 (24) which contradicts the first congruence. This rules out the

case f* = (1,-1, 1). For the case f* = (1,1,—1) we compute f'(1*). We have
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2y 2
ot = onee) = [ (1+ 2+ 2) ]

==f"‘[ (1+4, +k(§§401) )]

= y'[bh(kg) "(5;‘20 D ]

Here y! = Uy¢' and since ch™! Y+ = p"*? = y{ - p? we obtain

f'uk=Uf- Bh(—l£)[Bh(k5) - k(S;(zo e ]

= U - Bk - ) [1 - B-xe) 50,2

= ' Bh((k - 1)5)[l k(S;czo o ]

This last equality holds because we are in KU(QI}’*Z). Our integrality
condition imposes then

k(Gk=1) , x | x2\k
(1 720 )(l 1z + '9—0) € 12(2).
This yields / — k = 0 (24), since the coefficient of x is (/ — k)/12. One finds
the coefficient of x2 to be

I-k\1 I-k_ k(sk=1)
2 )27 % 720

and since this coefficient must be an integer we obtain the condition
5( = k) = k= 1) +2*(1 - k) — 2k(5k — 1) = 0 (24 X 60).
Calculating modulo 24, since / — k = 0 (24), we obtain
(4.5) k(5k — 1) = 0 (12).
On the other hand the map on the coskeleta
5 QB ~ QR

induced by f yields f; = (1,—1) which, by Lemma 4.2, implies k + / + 2
= ((24). This together with k — I = 0(24) yields

= -1(12) and k(5k — 1) = 6(12).

This, however, is in contradiction with the congruence (4.5).
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COROLLARY 4.6. Let f: QB"™! — QB"™* be a stable homotopy equivalence.
Then, up to multiplication by —1, either f* = (1,1,...,1) or f* = (-1,1,...,
1).

We now proceed to study f* when f* is of the form (—1,1,...,1). By (4.3)
we have

T *x)[2T*(x) - 1] € L(»).

Moreover, by considering the equivalence f,: QBT — QB™F induced by
f we have, by Proposition 4.1, / — k = O(B,_,). We are now ready to prove

PrOPOSITION 4.7. If f: QB™! > QR™* is a stable homotopy equivalence with
f*=(-L1...,1) thenk — I = O(B,_,) and k + | = O(B,). Moreover

FR) = W T @RT W) - 1
and
f!([.tk+i) — [.LIHTI-k(p.)
Jori> 0.

This proposition provides the desired necessary condition in Theorem 1.2.
We first prove two lemmas. The first is a simple statement about the growth
of B,.

Lemma 4.8. If 2k = O(B,_,) and n > 2 then k = O(By, /).

This is a very weak statement which follows upon direct inspection of the
formula for »,(B,) and the inequality log, n < n/2.

LeMMA 4.9. If 2T*(x) — 1 € L(n) then T*(x) € L(n).
Proor. For n = 1 the claim is obvious. Suppose that
2T*(x) = 1 € L(n) C L(n - 1).
We have, by induction, T%#(x) € L(n — 1) and by Lemma (4.8)
T*(x) € K((n/2])
ie.
T*(x) =1+ax+ -+ a[,,/zlx[”/zl + %(a[,,/zlx[”/zl'” +eeetax") e

where g, are integers which are even for i odd, i < n.
Since 2 + 2[n/2] > n we conclude that

[T*) = T*(x) € K(n).
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PROOF OF PROPOSITION (4.7). For n = 1 the statement is that of Lemma 4.2.

Note that the formulas in Proposition (4.7) follow from (4.3) and Proposition
(4.1) by collapsing the bottom cells.

It remains to prove that the condition
T ) [2T*(x) - 1] € L(n)
together with /— k = O(B,_,) implies /+k = O(B,). Since I/—k
= O(B,_,) we have T * e L(n — 1) and hence

2T*(x) -1 € L(n—1).

By Lemma 4.8 this implies that T%(x) € L(n — 1) and, by Lemma (4.8),
T*(x) € L([n/2]) as long as n > 2. We can write

Tk(JC) =1+ ax + e+ a[n/zlx[”/zl

+ 3@ X g b ax )
and

THk() = 1+ byx+ o+ b, x" 1+ Bx" + -

rational numbers.

where the a;’s and b;’s are integers which are even for i odd and «, B are some
We have

AT (x) =1 =1+ --+a,_x" ' +2ax"+---
and

TH*(x) =1+ -+ (@ +20)x" + ---
where 4 is an integer which is even if n is odd. This follows since

2+ 2[n/2] > n.
Since

T ) [2T*(x) - 1] € L)

2a + B must be an integer of appropriate parity. This, clearly, implies that
Tk(x) - T%(x) = T**(x) € L(n) ie. I + k = O(B,).

It remains to verify the case n = 2. This is a routine calculation with
T(x) = 1= x/12+ x*/90 + - - -.

We have
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T RT () - 1]
_ -k I-k\1 1-k],
- (-5 () =)
2% K\ 2 27,
(-5 [z ]7)

_ l+k 2k(l - k) I-k\1  (k\2 ,I+k]2

S VR [_12_2—+( 2 )122+(2)122+ 90 ]x
and so, by integrality of the second coefficient:

20k(l—k)+ 50— K)(I—k—1)+ 10k(k — 1) + 16(/ + k)

= 0(2°-22.5).
Usingl/ -k = 0(2 - 3) and B, = 23.3, B, = 2°.32.50ne easily obtains
I+k=00%; (I+k)=03%; (+k)=o005)

5. Construction of the homotopy equivalences. To construct a stable homo-
topy equivalence between QI,""*" and Q}}'“" , when the arithmetical condi-
tions permit it, we remove some of the top cells and study the attaching maps.
More precisely, consider the cofibration

Q}ik-ﬂ—l__)Q}’)(n'Fk_)QP;:-;‘-k.

Whenever 2(t + k) > n + k, this cofibration desuspends to give

2—1 QI‘):-,I;I( - Q}[,(k+‘-l N Qﬂ(lﬁ‘k.

Recall, that given two cofibrations and a commutative diagram

A — B > C
fl gl h
Al ;B' 7C’

with f and g homotopy equivalences, there exists a homotopy equivalence
h:C—C'.

With this in mind, we shall examine the cofibrations which produce the
spaces QB"**.

First of all we shall introduce standard equivalences

+r+B, 4B, +
QELy P - S Qe
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This amounts to fixing a J-trivialization of B, £ over QP".
Consider now the sequence

- - k
ZQPI ——— QPEHT —— QP —— Pl

| l l

24"_1QP': —_— (QPt—l)ks__, (Qpn)kt —_— E4kQP’;

The last vertical arrow is the “standard” equivalence as long as we make sure
that k = O(B,_,).

We now restrict our attention to the space (QP'~ |)ke If k = O(B,_;) then
Kkt is J-trivial and (QP"')** has the same homotopy type as S*
v 2‘"‘ QP! 1t is our aim now to construct specific homotopy classes of
retractions

(QPt—l)kf - S4k.

Let G,, denote the space of self-homotopy equivalences of S™ 1, Then G,
e.g. [14], is a monoid under composition with classifying space BG,,. This
space classifies (m — 1)-spherical fibrations.

The cofibration

QPl—l N QP"'L)QI::"
gives rise to an exact sequence of groups:
[QE", BGy] = [QP", BGy] > [QP'™' BGy].

We shall use the symbol [k¢] for the element in [QP”",BG,,] which
corresponds to the spherical fibration associated with k& If &k
= O(B,_,) then i*[k£] = 0 and so there exists an element a € [QB", BGy]
such that 7*a = [k£].

Note that  induces a map between Thom spaces

QP"* & (QB™)"

which we shall consider cellular. Since (QB")" has no cells of dlmenswn
rdk<r < 4k + 41(4k + 41), the restriction of this map to (QPHK
c (QP") yields a map

(QPI—I)kH _&) S4k

.which is clearly a retraction. The homotopy class of g, depends only on the
choice of a.
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Let us denote by F,_; C G, the submonoid of those self-equivalences of
the (m — 1)-sphere which preserve the base point. Using the suspension map
we have an inclusion G, C F, and this is a (2n — 5)-equivalence (see e.g. [10]).
We have F, = Q"S". Suppose X = 3 Y then, if m > 2 dim X, we have

[X,BG,] =[3 Y,EG,] =Y,G,] =[V,E,]
=[7,Q"S"]| = [2" v,5"] =[S X,5"].

Let 0: [X,BG, ] = [=™ 1 X,5™]. We recall the following result which
appears in Wall [17, Proposition 3.7]:

PROPOSITION 5.1. Let a be an (m — 1)-spherical fibration over 3 Y, where
m>2dim Y Y. Then

"y A s> (S y)”
is a cofibration.

If we assume that 2t > n so that QB”" is a suspension then we get the
cofibration

24’(—] QR" &a) S4k - (Ql:;n)a.
The following commutative diagram relates 8(a) and g,:

E4k—lQPrtt —_— (QPt—l)k£ - (QPn)k£ —_ 24kQPrtl

J lga ?
6(a)

z4k—lQP;l — S4k - (QP;')Q——'—* 24kQPrtt

The inclusion BG,, C BGy,, induces isomorphisms
[X, BGy] = [X, BGy ]

if the dimension of X is small compared to k. This way we can consider
a € [QB", BGy] to be an element of [QR", BG,,,,]. All resulting maps
would be suspended r times.

LEMMA 5.2. Let k§ and 1§ be multiples of the Hopf bundle over Q P". If kf as
well as I are J-trivial over QP*~" and (k + 1)¢ is J-trivial over Q P" then there
exist o, B € [QB",BGyyyp)] such that w*a = [k§]+ 41, 7*B = [I£]
+dkanda + B = 0.

ProoOF. The cofibration
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QPl—l N QP”'L)QI:;"
yields an exact sequence:

[= QP',BG] 4> [QE", BG] = [QP", BG] > [QP'', BG)]

where r = 4(k + 1).
Since k¢ and /£ are J-trivial over QP"I there exist elements o, §'
€ [Ql‘;n, BG4(k+1)] with

7o = [k&]+4] and 7B = [I¢] + 4k.

Since 7* (o + B’) = O there exists an element y € [ QP*!, BGy. 1)) such
that &y = o + B. Leta = o’ and 8 = § — .

We now are ready to construct the desired homotopy equivalences.

PROPOSITION 5.3. If (k — )£ is J-trivial over QP"~Y and (k + 1)¢ is J-trivial
over QP" with n > 2 then QB"** and QB"* are of the same stable homotopy
type.

Proor. From k — /= O(B,_;) and k + [ = O(B,) we obtain 2k = 2/
= O(B,;) and k = I = O(B[,/y)) forn — 1> 1. Choosing ¢~ 1 = [n/2]
all arguments in (5.2) go through. Let a, 8 € [QB", BGy )] be the pull-
backs of [k£¢] and [/£] respectively and let « + 8 = 0.

Note that QB ** = QB’!**/s% is canonically equivalent with
3% QP'!. Using the collapsing map QB'~'** 25 QB! *¥ together with
g, we get a homotopy equivalence

(QPt—l)kH _M_) S4k v 24,( QPt—l-
Now consider the diagram of cofibrations and maps between them:

z4(k+l)-lQP;l ____—,241(th—1)k£ - 24IQP',:+k

gavpk

v
v

E4(k+')_lQP',' 0(0()__V__tp_) S+ E4(k+l)th—1 > X(n, @, k)

-1vl

z4(k+D-10pn 0B) Vo , gatk+n) v 24t+DQpr-1 ’X(n‘,' 8 1)
ﬂ\ 1&
8V P

24(k+l)—lQP;l - E4k(QPt— l)IE - E4kQP;I+I
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The map ¢ is obtained using the canonical equivalences (QP"I)B"'e
~ S4Bt (Q P! v §9). Since a + B = 0, and so —8(a) = 6(B), all rectan-
gles are commutative and all spaces on the right are of the same homotopy
type.

With this proposition we complete the proof of Theorem 1.2 for n > 2. The
same argument yields the homotopy equivalences needed for Theorem 1.1.

Let 6°(X) denote the group of homotopy classes of stable self equivalences
of the space X. There is a natural representation

&5(X) & Aut (H*(X; Z))

where H*(X; Z) is considered to be an abelian group only.
For stunted complex projective spaces we have

THEOREM 5.4. The image of e for X = C},’(""" for n > 4 is generated by

(i) —=Iand (-1,1,1,...,1) if 2k = O(4,),

(i) —=Iand (1,-1,1,...,1)ifk + 1 = O(4,_,),

(i) =Tand (1,...,1,-L, ) ifk+n+2 = 04,_)),

(v) =Iand(l,...,1,1,-1)if2(k +n+1) = O(4,).and by — I alone
otherwise.

For stunted quaternionic projective spaces we have, similarly,

THEOREM 5.5. The image of e for X = QI;"”‘ is generated by — I and
(-1,1,1,...,1) if 2k = O(B,) and by — I alone otherwise.

These theorems follow directly from the constructions of homotopy equiv-
alences and the necessary conditions obtained via K-theory. Only (ii) or the
dual statement (iii) of Theorem 1.1 needs a separate proof. We shall prove (ii).
To this end we need only construct a self-equivalence of the form (1,-1,
1,...,1). Consider the cofribration

Since k + 1 = O(4,,_,) we have CB¥ ~ 5%*2 v CB"3* and the diagram

§2k+1 z-—lcprlzilé —_— 52k

-1vl1 1

S2k+l Vv E—lcpzil; _____,5216

is homotopy commutative since 27y, (S 2ky = 0. This yields the desired self-

equivalence.
REMARK. This, in principle, solves the classification problem of Thom spaces
over stunted complex and quaternionic projective spaces using the results of

[8].
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